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We summarize previous results on the chromatic index of nearly complete simple graphs. 
Hilton has shown how the first of these results generalizes to multigraphs. We give an extension 
of another of the simple graph results to a multigraph version. 
1. Introduction 
In a (simple) graph we do not allow loops or parallel edges; a multigraph may 
have parallel edges. However, a subgraph of a multigraph may have parallel 
edges. The vertex set of a multigraph G is denoted by V(G), and its edge set by 
E(G). 
A k-edge-coloring of a multigraph G is an assignment of the “colors” 
1,2,. . . , k to the edges of G such that no two adjacent edges are assigned the 
same color. The chromatic index, x’(G), of G is the minimum k for which a 
k-edge-coloring of G exists. It is clear that x’(G) 2 A(G), where A(G) denotes 
the maximum degree of G. Moreover, for any nontrivial subgraph H of G with 
odd order, 
2 IE(H)I 
X’(G) a [,V(H), - 1 1 
because no more than 1/2(1V(H)I - 1) edges from H can be assigned any one 
color. Let 
where the maximum is taken over all nontrivial subgraphs with odd order, and let 
q(G) = max{A(G), t(G)}. Th en we have that x’(G) 2 q(G). For almost all 
simple graphs x’(G) = q(G) = A(G) (see [6]); the Petersen graph is an example 
of a graph for which x’(G) > q(G). 
Several recent results state that if a simple graph G is “nearly full” (in that its 
complement has a “small” number of edges) then x’(G) = q(G). We investigate 
some generalizations of these results to multigraphs. In Section 2 we review the 
results for simple graphs and propose generalizations of these results to 
multigraphs. In Sections 3 and 4 we prove one of these generalizations. 
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2. Results for simple graphs and their extensions to multigraphs 
The classic edge-coloring result for simple graphs is due to Vizing. 
Theorem 1 (Vizing [15]). Zf G is simple then A(G) c x’(G) s A(G) + 1. 
The simple graph G is in Class I if x’(G) = A(G) and in Class 2 if 
x’(G) = A(G) + 1. Although Theorem 1 gives tight bounds on the chromatic 
index of a simple graph, the problem of determining the exact chromatic index of 
a graph is very difficult; indeed, it is NP-complete (Holyer [ll]). A natural 
extension of Theorem 1 to multigraphs would be El stated below (see [7]). No 
such result has been proved yet. (Ei will denote the extension of Theorem i on 
simple graphs to multigraphs.) 
Conjecture El. For any multigraph G, q(G) <x’(G) s q(G) + 1. (A stronger 
conjecture, made independently by Goldberg and Seymour, is that q(G) c 
x’(G) s max{t(G), A(G) + l}.) 
It is well-known that the edges of Kzn+i can be partitioned into 2n + 1 
independent sets of edges, each of cardinality n and hence, that x’(K%+J = 
2n + 1. Thus, in order to reduce the chromatic index to (2n + 1 - s) it is necessary 
to remove at least sn edges from K2n+l. That this is also sufficient for s = 1 or 
s = 2 is given by Theorems 2 and 3. 
Theorem 2 (Plantholt [12]). Zf S i.r any set of n edges in K,,+, then x’(K~,,+~ -
S) = 2n. 
If Gc&,,+~ with q(G) = 2n + 1 then clearly x’(G) = 2n + 1. If G E K2n+l 
with q(G) = 2n and IE(G)I < 2n2, we can add edges to G without increasing 
q(G) to obtain a graph whose complement has n edges. Therefore, an immediate 
corollary is the following. 
Corollary 2. Zf G E K2,, +1 and q(G) 3 2n then x’(G) = q(G). 
The following extension of Theorem 2 to multigraphs was proved by Hilton. 
Let Kz+, denote the regular multigraph obtained from K2n+l by replacing each 
edge by r parallel edges. 
Theorem E2 (Hilton [9]). Zf S is any set of sn edges in Kg+l, where 0 <s <r, 
then ~‘(Kfi+~ - S) = 2rn + r - s. 
Again by adding edges if necessary, until the number of edges becomes 
n . q(G), we get the following corollary. 
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Corollary E2. Zf G c Kg,‘,, and q(G) L 2m then x’(G) = v(G). 
The next theorem, where we consider removing 2n edges from &+i, is the 
natural follow-up of Theorem 2 for simple graphs. 
Theorem 3 (Chetwynd and Hilton [ 11). Zf S zk any set of 2n edges in K2n+l then 
x’(K2n+1 -S) = max{A(Kzn+i -S), 2n - l}. 
Note that in the above theorem statement, max{A(&+, - S), 2n - l} is 
simply rp&+i - S). As before, we also have the following corollary; for the 
verification that the proper number of edges can be added without increasing the 
value of q7 see Lemma 3.1 in Section 3. 
Corollary 3. Zf G E Kzn+l and q(G) 5 2n - 1 then x’(G) = q(G). 
Following the same pattern of extending Theorem 2 to Theorem E2, the 
natural extension of Theorem 3 to multigraphs would be the following: 
Conjecture E3. If S is any set of sn edges in Ke+i, where r < s 6 2r, then 
x’(Kz+, - S) = max{A(Z@+, - S), 2m + r -s). 
In Sections 3 and 4 we provide a proof of Conjecture E3 for r even, and 
provide an upper bound for r odd in Section 5. Of course, using Lemma 3.1, a 
corollary of the conjecture would be the following. 
CoroUary E3. Zf G E Kg+, and q(G) 3 2m - r then x’(G) = q(G). 
The proof of Conjecture E3 for even values of r will depend heavily on the 
result for simple graphs given in Theorem 4 below. It follows the pattern of 
Theorems 2 and 3, but the statement is complicated by the fact that the maximum 
value of Q, may now come from t(H), where H is a subgraph with order 2n - 1. 
Theorem 4 (Chetwynd and Hilton [2]). Zf S is any set of 3n edges in K&+, then 
X’(Kaz+, -S) = v(K2n+1- 0 
Although the proof is surprisingly difficult, Chetwynd and Hilton have shown 
that the following corollary holds, extending the pattern of Corollaries 2 and 3. 
Corollary 4 (Chetwynd and Hilton [3]). Zf GE K2,,+, and q(G) ~2n - 2 then 
x’(G) = v(G). 
Based on these and other results for simple graphs, several authors have 
conjectured that if G E K&+, and q(G) > n then x’(G) = q(G). We offer the 
following multigraph form of that conjecture: 
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Conjecture. If G E Kg,‘,‘,, and q(G) > rn then x’(G) = q(G). 
3. Proof of Conjecture E3 for r even 
Recall Hilton’s extension E2 of Theorem 2: 
Theorem E2. If S is any set of sn edges in Kc+,, where 0 <s < r, then 
x’(KE+, - S) = 2rn + r - s. 
Hilton’s proof was in 2 parts: 
(i) If s = r then S can be partitioned into simple graphs S,, . . . , S,, each with 
n edges. Then by Theorem 2, for each i = 1, . . . , r, x’(Kzn+, - Si) = 2n, so that 
x’(Kg+, - S) = 2rn. 
(ii) If s < r, find r - s disjoint independent sets of edges S,, S,, . . . , S,_, in 
Kg,‘,, - S, each with cardinality n. Then by case (i), x’(Kc+, - (S U S, U . . - U 
.S,_,)) = 2rn, so that x’(K&)+, - S) = 2rn + (r - s). 
Now recall the proposed extension of Theorem 3 to allow r <s < 2r: 
Conjecture E3. If S is any set of sn edges in Kg+,, where r <s < 2r, then 
x’(K&)+~ -S) = max{A(Kg+, - S), 2rn + r -s}. 
In order to mimic Hilton’s proof, the following intermediate results are 
required. Both appeared in [13], which outlines this approach. 
Lemma 3.1 (Plantholt [13]). Let G be a subgraph of Kg,‘,, with maximum degree 
A=2nr-dforsomed < r. Zf IE(G)I < nA then G is contained in a subgraph of 
Kg,‘,, which has exactly nA edges and maximum degree A. 
Lemma 3.2. If S is any set of sn edges in Kg+,, where r <s 6 2r, then Kg+, - S 
contains 2r - s disjoint seb of n independent edges. 
Using Lemma 3.1 it is clear that Conjecture E3 is equivalent to the following. 
Conjecture E3’. Let S be any set of sn edges in Kg+,, where r < s < 2r. If 
2rn+r-s>A(K$$+,-S), thenX’(Kyd+),,-S)=2rn+r-s. 
We hereafter work with Conjecture E3’. Now consider 2 cases: 
(i) For s = 2r, if it were possible to partition S into r disjoint sets Si, . . . , S, of 
2n edges so that for each i, Si c K2,,+, and x’(Kzn+, - Si) = 2n - 1 (as in Theorem 
3) the result would follow. That this is not always possible is illustrated by the set 
S of edges in Fig. 1. The maximum degree restriction for applying Theorem 3 
cannot always be met. 
(ii) If s < 2r, then using Lemma 3.2 the problem would follow from Case (i). 
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Fig. 1. A set of edges from K, Q) which cannot be factored into S, U S, such that both K,-S, and K,-&, 
have maximum degree 5. 
The problem, then, reduces to verifying Conjecture E3’ for the case s = 2r. We 
shall verify the result first for the case r = 2, and then extend the result to any 
even value of r. 
Let H c Kg,),, with IE(H)I = 4 n and minimum degree 6(H) 2 2. If there is a 
factorization H = Hi U H2 into simple graphs Hi, HZ for which 6(Hi) L 1 and 
IE(HJl = 2n for i = 1,2, then we say that H has a Type 1 factorization. We say H 
has a Type 2 factorization if there exist disjoint matchings M1, M2 in the 
complement H of H(E(Z?) = E(Z@+,) - E(H)), both with cardinality rz, for 
which there is a factorization H U MI U M2 = HI U H2 with the following 
properties: 
(i) HI, H2 are simple, 
(ii) 6(H,) 3 2, 6(H2) 3 2, 
(iii) IE(H,)I = IE(H,)I = 3n, and 
(iv) for any two vertices U, u of H, 
IE(H,-u-v)lsn-1 and (E(H,-u-v)lsn-1. 
Property (iv) above is important because only then can we claim that by 
Theorem 4, x’(K2,,+i - E(H,)) = 2n - 2. We shall show the following. 
Lemma 3.3. Let H G K$~,.l with IE(H)I = 4n. If+(H) 3 2 then H has either a 
Type 1 factorization or a Type 2 factorization. 
From the previous discussion, it is clear that Lemma 3.3 verifies Conjecture 
E3’ for the case r = 2, since x’(Z@+, - E(H)) 6 2 + x’(K,,+, - E(H,)) + 
X’(ZGn+1- E(H,)) = 4n - 2. This will be extended to a proof for all even r values 
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by the following generalization of Petersen’s Theorem, which appeared in [14] 
but can also be obtained from results in [lo] and [8]. 
Lemma 3.4. Let H be a subgraph of Kc+, where r = 2m, and let JE(H)I = 2rn. If 
6(H) 3 r then H can be factored into an edge-disjoint union H = HI U Hz U . . - U 
H,,,, where for each i = 1, . . . , m, 
(9 IE(Hi)l = 4n, 
(ii) K E Kit)+,, and 
(iii) 6(HJ 3 2. 
The previous results now combine to give our main result. 
Main Theorem. Let r = 2m and let S be any set of sn edges in Kg+I, where 
r <s s 2r. Then x’(K&)+* -S) = max{A(K&)+, -S), 2rn + r -s}. 
Proof. Since conjectures E3 and E3’ are equivalent, we only need to prove that 
if 2rn + r -s 3 A(Kgi+I - S) then x’(K&)+~ - S) = 2rn + r -s. Also, as noted 
earlier, it suffices to consider only the case s = 2r. Let H be the multigraph of 
order 2n + 1 whose edge set is S. Since A(Kg+I - S) s 2rn - r, 6(H) 2 r. By 
Lemma 3.4, H can be factored into HI U H,U * - * U H, with IE(Hi)l =4n, 
Hi E Kg+, and 6(Hi) 3 2 for each i = 1, . . . , m. Let Si denote the set of edges in 
Hi, and note that Si satisfies the hypothesis of Lemma 3.3. Hence 
x’(K$~,?~ - Si) = 4n - 2 and SO 
x’(K&)+~ - S) c 2 x’(K$$+l- SJ 
i=l 
=m(4n -2) 
= 2rn - r, as desired. 0 
4. Proof of Lemma 3.3. 
We shall use the following results. 
Lemma 4.1 (Hilton [lo], Hakimi and Kariv [8]). Let H be a connected 
multigraph. 
(i) Zf IE(H)( is odd, and each vertex has even degree, and v0 is a particular 
vertex of H, then H can be factored into HI U Hz in such a way that 
I&,(vd - dHz(d = 2, and 
Idn,(v) - d&v)1 = 0, if v f vo. 
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(ii) If IE(H)I is even, or if there is a vertex of odd degree, then H can be 
factored into HI U H2 so that 
IdHI - dH2(v)I = 0, if d”(v) is even, 
and 
Idn,(v) - dHZ(v)I = 1 if d”(v) is odd. 
In both cases, (E(H,) - E(H,)I 6 1. 
Lemma 4.2 (Dirac [5]). Let G be a simple graph on p vertices and let u and v be 
nonadjacent vertices in G such that do(u) + do(v) ap. Then G is hamiltonian if 
and only if G + uv is hamiltonian. 
Lemma 4.3 (Chvatal [4]). Let G be a simple graph with degree sequence 
(d,, d2, . . . , d,), where dI s d2 =z. - * =S d, and p 2 3. Suppose that there is no 
value of m less than p/2 for which d, 6 m and dr-,,, < p - m. Then G is 
hamiltonian. 
Proof of Lemma 3.3. Suppose that H has no Type 1 factorization. We shall show 
that H has a Type 2 factorization. 
Claim 1. Some connected component of H is an odd cycle. 
Proof of Claim 1. Suppose that no connected component of H is an odd cycle. 
Temporarily remove any pairs of parallel edges from H, and call the resulting 
graph H-. Now obtain the factorization H- = H; U H; that is guaranteed by 
applying Lemma 4.1 to each component of H-. Because no component of H is an 
odd cycle, for each component of H- that has odd size and all vertex degrees 
even we can choose the vertex v(, (for which IdH7(vO) - dHI(vO)I = 2) such 
that dH(vO) 2 4. Now replace all pairs of parallel edges, placing one edge of each 
pair in each of HI and Hz. The result is a Type 1 factorization H = H; U H; of 
H. Therefore, some component of H must be an odd cycle, which we denote 
c;. 0 
We note that since H has an odd cycle component, has order 2n + 1, is a 
subgraph of K$z+r and has 4n edges, it follows that n 2 3. Also observe that H 
has average degree greater than 3 so that A(H) 24. Let v* be a vertex of 
maximum degree in H, and let F denote the simple graph underlying H - v*. 
Claim 2. Let P denote the complement of F with respect to Kzn. Then E is 
hamiltonian. 
Proof of Claim 2. The vertices on the odd cycle component C; of H each have 
degree 2n - 3 in I? Since n 2 3, by Lemma 4.2 it suffices to show that the graph 
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F’, obtained from E by adding the edges of C:, is hamiltonian. Note that F’ has 
at least k 2 3 vertices with degree 2n - 1. 
Suppose that p’ is not hamiltonian. By Lemma 4.3, for the degree sequence 
(& d2,. . . , db) of F’ there exists m less than n for which d,,, srn and 
d,_,<2n-m; clearly 3<mGn-1 since d2n--2=d2n--1=d2n=2n-1. The 
sum of the degrees in F’ is at most 
s(m) = m* + (2n - 2m)(2n - m - 1) + m(2n - 1). 
It is easy to check that for any fixed value of n, s(m) achieves its minimum value 
at m = (4n - 1)/6. It follows that s(m) achieves its maximum on 3 c m c n - 1 at 
m=3whenn>7andatm=n-lforns6. 
Case 1. n 2 7. Here the number of edges in F’ is at most s(3)/2 = 2n2 - 7n + 
15 so that the complement of F’ has at least 6n - 15 edges. On the other hand, 
the complement of E’ is simply F with the edges of C: removed and thus has at 
most 4n - 4 - 3 edges. But 6n - 15 > 4n - 7 since n 2 7, giving a contradiction. 
Case 2. 3 < ;I G 6. Here the complement of F’ has at least n(2n - 1)/2 - s(n - 
1)/2 = n2/2 + n/2 - 1 edges. For n = 5 or n = 6, n*/2 + n /2 - 1 > 4n - 7, giving a 
contradiction as in Case 1. When n = 3 or n = 4, since IE(H)I = 4n and H has C; 
as a component, A(H) 2 5. Then the complement of F’ has at most 4n - 5 - 3 < 
n*/2 + n/2 - 1 edges, a contradiction. 
Therefore P is hamiltonian. 
Claim 3. There exist disjoint matchings M,, M2_ in F, each with cardinality n, 
such that H U M, U M2 has a factorization H, U H2 such that 
(i) H,, H2 are simple, 
(ii) 6(H,) 2 2, 8(H2) 2 2, and 
(iii) IE(H,)I = IE(H,)I = 3n. 
Proof of Claim 3. Take a hamiltonian cycle of F, guaranteed to exist by Claim 2, 
and split its edges into matchings M, and M2, each with n edges. As in the proof 
of Claim 1, temporarily remove all pairs of parallel edges from H U M, U M2. 
Note that all edges of M, and M2 remain. Therefore the remaining multigraph is 
connected (except that V* may possibly be an isolated vertex), and has an even 
number of edges. Then the factorization described in Lemma 4.1 gives the 
desired result when the pairs of parallel edges are reintroduced and split between 
the two factors, since d”,(u) = d”*(u) for any u with even degree in H U M, U M2. 
Claim 4. For the factorization of H U M, U M2 in Claim 3 and any two vertices U, 
uofH, IE(H,-u-v)lsn-lfori=1,2. 
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M2 
Fig. 2. E for H as in Fig. 1 with v* = 7. Edges marked M, and M, form a hamiltonian circuit in I? 
Proof of Claim 4. First suppose that either u or V, say V, is the special maximum 
degree vertex V* which is not incident with any edge of M, U Mz. If u is not a 
vertex on C: then u and v together cover at most (4n - 3) + 2 edges in 
H U MI U M2. Then I&,(U) - &(u)l G 1 and I&,(v) - dn,(v)l < 1 imply that u 
and v cover at most 2n + 1 edges in Hi, so that IE(H, - u - v)la n - 1 for 
i = 1, 2. On the other hand, if u is on C:, d&u) = 2 so that u and v together 
cover at most (2n - 1) + 2 edges in Hi, i = 1, 2, giving the result. 
Now suppose that neither u nor u is chosen to be v*. If either u or u is on C:, 
again u and v cover at most (2n - 1) + 2 edges in Hi. So, assume that neither is 
on C,*. Neither u nor u covers any of the k 2 3 edges of C:. In addition, if 
A(H) > 4 then u and TV together miss at least one of the edges that is incident with 
u*, while if A(H) = 4 then d&u) + dH(u) G 8 while IE(H)I = 4n 2 12. Thus we 
conclude that u and u together cover at most 4n - 4 edges in H, and so at most 4n 
edges in H U MI U M2. The result then follows as before. 
Combining Claims 3 and 4 now completes the proof of the existence of the 
desired Type 2 factorization. 0 
For H as in Fig. 1, Fig. 2 gives F and a hamiltonian circuit in F as in Claim 2. 
Fig. 3 gives the factorization of H U MI U M2 into HI U Hz as in Claim 3. 
5. Concluding remarks: the case where r is odd 
Conjecture E3 remains unproved for r odd, r > 1. With some extra work, it can 
be shown that any multigraph meeting the conditions of Lemma 3.3 has a Type 2 
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HI __________ 
2 3 
Fig. 3. Factorization of H U M, U M2 into H, U H,. 
factorization, regardless of whether or not a Type 1 factorization exists. Perhaps 
this result can then be generalized to all values of r and used in an approach. 
We can get a reasonable upper bound on x’(Ke+),, - S) in the case of odd r as 
follows. 
Theorem 5. Zf S is any set of sn edges in Kc+, where r < s s 2r, then 
x’(K&)+~ - S) s 2 + max{A(K$~+,),, - S), 2rn + r -s}. 
Proof. As before, we may assume that A(K$j+l - s) c 2rn + r - s and s = 2r. We 
still need to verify the result when r is odd. Let G be the simple graph underlying 
I&)+‘,, -S. Obviously IE(G)I c 2n and x’(G) < 2n + 1. However, I$;‘,),, - S - 
E(G) = Kg’,‘,, - S’ fo r some set S’ of edges with IS’1 32n(r - 1) and A(K&j+, - 
S’) s 2n(r - 1) - (r - 1). So by the Main Theorem, 
x’(K&)+I - S) s 2n + 1 + X’(K$j+I - S) 
<2n+1+2n(r-l)-(r-1) 
=2+2nr-r, 
as desired. 0 
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